Abstract. We prove a decomposition result for analytic spaces all of whose geodesics are contained in compact flats. Namely, we prove that a Riemannian manifold is such a space if and only if it admits a (finite) cover which splits as the product of a flat torus with simply connected factors which are either symmetric (of the compact type) or spaces of closed geodesics.
Introduction
In a previous article [MO] the authors obtained a higher rank rigidity characterization of compact locally symmetric spaces which might be interpreted as a dual result to the remarkable theorem of Ballmann [B] and Burns-Spatzier [BS] (see also [EH] ). Namely, they obtained the following result.
Theorem ([MO]). Let M be a complete Riemannian manifold that is locally irreducible at every point of some open set. Assume that there exists an open and dense subset Ω of T M such that for any w ∈ Ω the geodesic γ w is contained in a compact (immersed) flat of dimension at least 2. Then, M is a locally symmetric space of the compact type.
Observe that, on one hand, no curvature assumptions are made. On the other hand, the flats are assumed to be compact. Thus, the duality seems to have nothing to do with reversing the sign of curvature, as an abundant number of counterexamples due to Heintze and Spatzier-Strake [SS] show. This duality is concerned with the global behavior of geodesics which is, in some sense, the opposite to that for nonpositive curvature and finite volume. Just notice that the geodesic flow for this class of spaces, when the rank is 1, is expected to be ergodic. But this flow, for spaces all of whose geodesics are closed, is as far as it can be from having this property. In contrast to the case of nonpositive curvature, a global decomposition result for spaces with geodesics contained in compact flats is far from being trivial. This is so because, in this context, one cannot integrate the distribution (in the tangent space) associated to the notion of rank in terms of Jacobi fields (and producing in this way flats whose dimensions are equal to the rank). For analytic manifolds with compact universal cover, this decomposition can be obtained in a standard way from the above theorem (see [MO] ). The aim of this article is to prove the following general decomposition result for the analytic case (in fact, the same applies to the general case provided the space is not too pathological).
Theorem A. Let M be an analytic (complete) Riemannian manifold. Then the following statements are equivalent: 
. , l).
From the analyticity and the proof it is easy to obtain that we can replace, in the above result, the words "every geodesic" by "every geodesic with initial condition in an open and nonempty subset of T M". We conjecture that the above theorem is true without assuming analyticity (this is a stronger version of the conjecture posed in [MO] , but it turns out to be equivalent as was remarked in section 4). We now sketch the proof of Theorem A. The first step is to show that the universal cover is compact up to a Euclidean factor, and each of the compact factors is a higher rank symmetric space or a space all of whose geodesics are closed. We do this by proving that factors with transitive holonomy must have all of their geodesics closed. After this we pass to an intermediate but convenient cover in which the covering group is abelian and completely determined by its projection to the Euclidean factor. If the projection of this group to the other factor were infinite, there would be a nontrivial Killing field corresponding to a nonzero element in the Lie algebra of the closure of this group. We show then that the projection of this Killing field to any non-Euclidean factor, at a given point, would be contained in any flat through this point. This is impossible, unless X = 0, because the factors are either irreducible symmetric or of closed geodesics.
The rank, in terms of parallel Jacobi fields, must be 1 for a space all of whose geodesics are closed (see Remark 4.2). On the other hand, any geodesic in a compact symmetric space of rank k is contained in a compact k-flat. Then, Theorem A can be reformulated as follows: Theorem B. Let M be an analytic Riemannian manifold. Then, the following statements are equivalent :
iii) M is covered by a space which is the product of a compact globally symmetric space with spaces all of whose geodesics are closed.
The above theorem suggests to find a general global condition on M which implies that the horizontal distribution in T M associated to the rank be integrable with compact leaves (observe that in [SS] there are examples of irreducible higher rank nonsymmetric compact spaces of nonnegative curvature and such that the distribution associated to the rank is integrable).
We hope that some ideas in this article could be useful for proving Theorem A without analyticity assumptions. But the main difficulty is that the space could be, a priori, so pathological that it is locally reducible at any point and globally irreducible. So, the local version of the holonomy theorem of Berger [Be] , [S] cannot be applied, as in [MO] .
Preliminaries and basic facts
In this section we recall some of the results and notation in [MO] . We also make a remark which not only simplifies the arguments there, but is also used in this article.
Let (M n , < , >) be a complete connected Riemannian manifold. We say that M is locally reducible at p ∈ M if p has an open neighborhood in M which is a Riemannian product. This is equivalent to the fact that the local holonomy group at p does not act irreducibly on
where F is a complete connected flat Riemannian manifold, such that γ v (R) is contained in i(F ). We say that the flat is compact if F is compact and that the flat is toral if F is homeomorphic to a torus. Since any compact flat manifold is covered by a torus, a geodesic is contained in a compact flat if and only if it is contained in a toral one. A k-flat means a flat of dimension k (k ∈ N). Sometimes a flat i : F → M will be denoted by the pair (F, i) or simply by i or by F when the immersion is obvious from the context. We say that a flat i :
In this case the uniquely defined subspace di (T x F ) of T q M will be called the tangent space to the flat at q.
Let v(t), t ∈ [0, 1], be a smooth curve in T M and let c(t) be its projection to M . Let, for t ∈ [0, 1], (F (t), i t ) be a toral flat containing the geodesic γ v(t) . We assume that the flat space F (t) has a distinguished point u(t) such that i t (u(t)) = c(t). We say that the family of flats (F (t), i t ) vary smoothly if there exist affine maps
Remark 1.1. We are under the above hypothesis. Assume furthermore that v(t) is horizontal, i.e. it is parallel along its projection c(t). Then the affine map h t :
is an isometry. In fact, if we choose a closed geodesic γ in F (0), then g t •γ is a smooth variation of closed geodesics in M . Since any geodesic is a minimal submanifold, all of these geodesics must have the same length. Then, ||dg t (γ (0))|| is constant and therefore ||dh t (γ (0))|| is constant. Since closed geodesics in a torus are dense, we have that h t is an isometry. This simplifies the arguments in [MO, section 5] . Namely, the equality (I) there and Cauchy-Schwarz inequality implies that
. In fact, it is proved in section 4 of [MO] that the covariant derivative
Equality ( * ) follows now from Cauchy-Schwarz inequality, since dg t (v 0 ) and v(t) have both constant length and dg 0 (v 0 ) = v(0).
The remark above, the Regularity Lemma (where the dimension of the flats is irrelevant) and Lemma 2.2 in [MO] can be summarized as follows.
Lemma 1.2. LetÕ be an open subset of T M with the property that every geodesic with initial condition inÕ is contained in a compact flat. Then, there exists an open nonempty subset O ofÕ and a choice of toral k-flats i
, and having the following properties:
i (F v(t) ).
It is easy to see that the lemma in Section 5 of [MO] is still valid for any symmetric factor of the universal cover. In fact, the variation of geodesics, used in the proof of that result, has only to be carried out in such a factor. Thus, one has the following generalization.
Lemma 1.3. Let M n be a complete Riemannian manifold such that every geodesic in M , with initial condition in an open and nonempty subset of T M, is contained in a compact flat. Then, any non-Euclidean symmetric factor of the universal cover of M is of the compact type.

Decomposition of the universal covering
The aim of this section is to prove the following proposition which generalizes Theorem B in [MO] . This will be one of the main two steps for proving the theorem in the introduction. 
Proposition 2.1. Let M n be an analytic complete Riemannian manifold such that every geodesic, with initial condition in a (nonempty) open subset of TM, is contained in a compact immersed flat. Then the universal coveringM of M splits as
M = R k × C 1 × · · · × C r × S 1 × · · · × S l ,
. , l).
Proof. Let X be a non-Euclidean factor ofM . If the holonomy group of X (at some point) does not act transitively on the unit sphere of the tangent space, then, by [B] , [S] , X is a symmetric space of higher rank which must be compact due to Lemma 1.3. So, let us then assume that this action is transitive and writeM = M 0 × X. Let O ⊂ T M be the subset given by Lemma 1.2, let v ∈ O with base point p, and
Since O is open and closed geodesics in a torus are dense, we may assume, without loss of generality, thatṽ 1 = 0 and that the geodesic γ v in M is closed. Let ε > 0 be such that the geodesic ε-ball in T M (with respect to the Sasaki metric), centered at v, is contained in O. (Observe that the parallel transport of v along a curve of length less than ε may be also thought as a (horizontal) curve in T M of length less than ε.) Let Φ be the holonomy group (which coincides, by the analyticity, with the local one) of X atp 1 and let U be the subset of Φ which consists of all the parallel transport along (piecewise differentiable) loops through p 1 of length less than ε (i.e. ε-loops). Then by [EO, Appendix] 1 |) of Tp 1 X. Now let w ∈ W.ṽ 1 and letβ w be an ε-loop throughp 1 such that its parallel transport mapsṽ 1 into w. Let β w (t) = π(p 0 ,β w (t)) andv(t) = dπ(ṽ 0 , w(t)), where w(t) is the parallel transport ofṽ 1 alongβ w . Observe thatv(t) is parallel along β w (t) with v(0) = v. We can produce, by Lemma 1.2 (iii) (see also [MO] ), a smooth variation g t : F (0) → F (t) of compact immersed flats F (t) containing the geodesic γv (t) . We have, by Remark 1.1, thatv(1) = dg 1 (v) and therefore the geodesic γv (1) is closed with the same period (not perhaps the least one), let us say l, of γ v . Then, π(γ (ṽ0,w) (l)) = π(γ (ṽ0,ṽ1) (l)), or equivalently,
for all w ∈ W.ṽ 1 . Since W.ṽ 1 is an open subset of the sphere S ||ṽ1|| of radius ||ṽ 1 || in Tṽ 1 X, by the analyticity, if (m 0 , m(w)) := (expp 0 (l.ṽ 0 ), expp 1 (l.w)), we have that
subset ofM , we obtain that the continuous map w → m(w) must be constant, let us sayq, on S ||ṽ1|| . So, any unit speed geodesic in X starting atp must pass through q at the time l||ṽ 1 ||. This implies that there cannot be a ray starting atp. Hence X is compact. We now want to see that the geodesics of X are closed. Letγ be a geodesic in X and let cl(γ(R)) be the closure in X of (the image of) the geodesicγ.
Since X is compact, we get that π(cl(γ(R))) is closed in M . Since π(cl(γ(R))) must be contained in cl(γ(R)), we obtain that both subsets of M coincide (γ = π •γ).
We have, from the assumptions, that cl(γ(R)) is a compact flat in M . It is now not hard to see, from the compactness of X, that cl(γ(R)) is a compact (immersed) flat in X containing the geodesicγ. So, any geodesic in X is contained in a compact flat. Then, by the analyticity of X and by Remark 6.7 of [MO] , X must be a space all of whose geodesics are closed due to the transitivity of the holonomy group.
Nonsimply connected covering spaces
Let M be an analytic Riemannian manifold such that every geodesic is contained in a compact (immersed) flat and let π :M → M be the universal covering. The aim of this section is to factorize π through an intermediate but convenient covering.
By Proposition 2.1 we can writeM = R k ×Ñ , whereÑ 
If A is an isometry of R k we will denote by r(A) its projection to the orthogonal group O(k) (i.e., A = τ • r(A) for some translation τ ). The Lie group morphism
Part (i) of the following lemma is standard and follows from the compactness of non-Euclidean factors. Parts (ii) and (iii) are a consequence of part (i) and the First Theorem of Bieberbach (see e.g. [C] ).
Lemma 3.1. Under the general assumptions of this section. Then,
Let Γ = ker(r). Then (G/G )/Γ is isomorphic tor(G/G ) = r(pr 1 (G)) and therefore finite.
Let us consider the cover p :M → M 0 :=M /G . Then, G 0 = G/G is naturally identified with a (discrete) subgroup of I(M 0 ). By means of this identification Γ turns out to be a normal subgroup of G 0 . We have the following covers:
whereπ is the projection to the quotient. Observe the following properties:
where N is a compact space covered byÑ . b) The group Γ is given by
In other words, the group morphism 
Now let z belong to the lattice Z := pr 1 (Γ) ⊂ τ (R k ) and let φ(z) be the unique h ∈ I(N ) such that (z, h) ∈ Γ. Then, φ : pr 1 (Γ) → pr 2 (Γ) is an epimorphism. Thus, any element of Γ can be written as (t, φ(t)) where τ ∈ Z. Summarizing, we have the following result. 
The decomposition
Let M be an analytic (compact) manifold all of whose geodesics are contained in compact flats. From Lemma 3.2 we may assume, by replacing M by a finite cover if necessary, that M = (R k × N )/Γ, where Γ = {(t, φ(t)) : t ∈ Z} and N are as in Lemma 3.2. Let {z 1 , · · · , z k } be a Z-basis of Z (i.e., a basis over the integers). If, for every i ∈ {1, · · · , k}, φ(Z.z i ) is finite (or equivalently discrete, since N is compact), then ker φ is also a lattice. Then, R k / ker φ = T k is a torus and M is covered by T k × N and so, by T k ×Ñ , as we wanted to show. So, we may assume, in order to prove Theorem A, that φ(Zz i0 ) is not finite, for some i 0 ∈ {1, · · · , g}. Without loss of generality we assume i 0 = 1. We shall derive, in this case, a contradiction. Let K be the connected component of the identity of the closure, in I(N ), of φ(Zz 1 ). Then, dim(K) ≥ 1, since φ(Zz 1 ) is not discrete. Let c be a geodesic in R k × N with c(0) = (0, q) and let us consider the geodesic π • c in M , where π is the projection to the quotient space. We have, from the assumptions, that the compact set, which consists of closure of π • c, is the image of a flat i : R j → M (which factorizes through a torus). We may assume that i(0) = π(c (0)). The liftĩ :
Now choose the geodesic c in R k × N to be of the form
where β(t) is a closed geodesic inÑ of period (not necessarily the least one) 1, where p denotes the projection fromÑ into N . Then, for any d ∈ Z, we have that
where g ∈ Γ is the isometry of R k × N which maps (u, n) → (u − z 1 , φ(−z 1 ) · n). Now let W be a neighborhood of (0, q) such that π |W is a diffeomorphism onto its image. It is now not difficult to see that Proof. Each de Rham factor ofÑ is either a manifold of closed geodesics or a symmetric space of the compact type and rank ≥ 2; thus the set consisting of those v ∈ TÑ for which the geodesic γ v is closed is dense inÑ . By means of an appropriate reparametrization we can find a closed geodesicβ of period 1 inÑ such thatβ (0)/ β (0) ∈ U . Letc(t) = (tz 1 , p(β(t) ) and choose a point s, in the compact flat cl π(c(R)) , which is arbitrarily close to π(c(0)) and such that this flat has no self intersection at this point. Now consider the parallel transport v of dπ(c (0)) along a short curve u(t) in the flat from π(c(0)) to s. One obtains that cl γ v (R) = cl π(c(R)) . Now letũ(t) be the lift to R k ×Ñ of u(t) with u(0) = (0,β(0)) and letṽ = (z 1 , v 1 ) be the parallel transport of (z 1 ,β (0)) alongũ. Then, dπ((0, dp(v 1 ))) = v and the geodesic β := γ v1 ofÑ is closed. If s is sufficiently close to π(c(0)), then v 1 / v 1 = β (0)/ β (0) ∈ U and c(t) = (tz 1 , p(β(t)) satisfies (a) and (b) of the lemma. Note that β has period 1, since each of its projections to the de Rham factors has this property. In fact, for symmetric spaces one has to observe that the parallel transport can be achieved by the differential of an isometry. For spaces all of whose geodesics are closed this is a consequence of the fact that all geodesics have the same length (perhaps we have to replace β by a geodesic whose initial condition is an integer multiple β (0), so that the projection of this geodesic to a factor of closed geodesics has the common period).
Proof of Theorem A. We keep the notation and assumptions of this section. As was remarked at the beginning of this section it suffices to prove that K is finite. Let us then assume that dim K ≥ 1. We will derive a contradiction. Now let X = 0 be in the Lie algebra of K, and letX be the induced Killing field in the universal cover N of N . Observe that in an open and dense subset ofÑ the fieldX is nonzero. Let W be the dense subset of SÑ given by Lemma 4.1, let C be a de Rham factor ofÑ which is of closed geodesics and let π C be the corresponding projection. Let w ∈ W and c(t) = t.z 1 , p(β(t)) , where β (0) = w, and let i : R j → R k ×Ñ be the lift of the flat cl π(c(R)) with i(0) = (0, β (0)). This flat has no self intersection at (0, β (0)), and (z 1 ,X(β(0))), (z 1 , β (0)) belong both to its tangent space at this point (see the paragraph just before Lemma 4.1). The projection π C • i(R j ), being a flat in C, must be a closed geodesic (otherwise there would exist a nonclosed geodesic in C). Then, the projections ofX(β(0)) and β (0) to the tangent space of C must be linearly dependent. This shows that for every w ∈ W , dπ C (w) and dπ C (X(pr(w))) (where pr is the projection to the base point) are linearly dependent. This is impossible, by the density of W , unless the C-component ofX vanishes. Now let S be a (compact) symmetric factor ofÑ and let π S be the projection ofÑ onto S. As before, for every w ∈ W , the projections of w andX(pr(w)) to the tangent space of S are tangent to the flat π S • i(R j ). Thus, the sectional curvature K S dπ S (w), dπ S (X(pr(w))) = 0 for all w ∈ W and consequently, by the density, for all w ∈ TÑ . So, the Ricci curvature Ric S (dπ S (X(q))) = 0 for all q ∈Ñ . Since S is an Einstein (non-Ricci flat) manifold, we obtain that the S-component ofX vanishes. Then,X = 0 which is a contradiction.
Remark 4.2. Let C be a space all of whose geodesics are closed (which must be all of the same length by [Bs] ). Let γ be a geodesic in C and let J be a Jacobi field along γ which is perpendicular to the geodesics and such that J(0) = 0. Since J can be obtained by variation of geodesics stating all at γ(0) we obtain that J(τ ) = 0, where τ is the common period of all geodesics. Then, there cannot exist a parallel Jacobi field e along γ. Otherwise the field t → te(t) is Jacobi and vanishes only at 0. Then, rank(C) = 1, where rank denotes the rank in terms of Jacobi fields.
Remark 4.3. Let M be a space all of whose geodesics are contained in compact flats. The analyticity is never used after proving that the universal cover of M splits, up to a Euclidean factor, as a product of spaces all of whose geodesics are closed by higher rank symmetric spaces. So, if the conjecture in [MO] is true, Theorem A is also true without assuming analyticity.
